Real submanifolds with L-flat normal connection of the complex projective space are studied. As a special case "a complex submanifold with L-flat normal connection of the complex projective space is necessarily totally geodesic" is proved. Introduction* As is well known an odd-dimensional sphere S
Real submanifolds with L-flat normal connection of the complex projective space are studied. As a special case "a complex submanifold with L-flat normal connection of the complex projective space is necessarily totally geodesic" is proved.
Introduction* As is well known an odd-dimensional sphere S 2n+ι
is a principal circle bundle over a complex projective space P n (C). The Riemannian structure on P n {C) is given by the submersion π: S 2n+1 -> P n (C) which is defined by the Hopf-fibration. If we construct a circle bundle over a real submanifold of P n (C) in such a way that it is compatible with the Hopf-fibration, the circle bundle is a submanifold of the odd-dimensional sphere. Thus when we want to study submanifolds of the complex projective space it is useful to study the circle bundle over the submanifold. From this point of view, H. B. Lawson, Jr. [2] and the present author [3, 4, 5] have studied real submanifolds of the complex projective space. In the previous paper [5] , the author studied relatious between the normal connection of a submanifold of P n (C) and that of the circle bundle over the submanifold and established the notion of L-flatness for the normal connection of a real submanifold of P n (C).
The purpose of the present paper is to study submanifolds with L-flat normal connection of P n (C). The main result is the following. THEOREM 
The totally geodesic complex projective linear subspaces P n (C) are the only complex submanifolds with L-flat normal connection of P n+p (C).
In § 1 we state some formulas for real submanifolds of a Kaehlerian manifold and in § 2 we discuss the case when the ambient manifold is the complex projective space. There we explain L-flatness of the normal connection. In § 3, we calculate the Laplacian for a function which is defined on the submanifold and prove some theorems including Theorem 1. , n p to M and extend them respectively to N 19 N 2 , , N p in such a way that they belong to N(M).
For any Xe T(ikf) and for N Λf A = 1, 2, , p, the transforms and JiV^ are respectively written in the following forms: 
A . Applying J to both side members of (1.1) and (1.2), we find
If at any point of M, FU A = 0 are valid for A = 1, 2, , p, we know that .F 7 satisfies F 3 + F = 0 and that the rank of F ^ n -p. In this case the submanifold M is called an F-submanifold of rank ^ n -p [7] . We denote by F and D the Riemannian connection of M and M' respectively and by D N the induced normal connection from D to N{M). Then they are related by the following Gauss and Weingarten equations. 
Differentiating (1.9) covariantly, we have
from which we know that the mean curvature vector field is parallel with respect to the normal connection if and only if
because of the fact that L A \X) = -Lf{X) for any Xe T(M).
2. Real submanifolds of the complex protective space* Let the ambient manifold M f be the complex protective space pt»+*>/*(C) with the Fubini-Study metric of constant holomorphic sectional curvature 4. Since the curvature tensor R\X\ Y')Z r of the ambient manifold satisfies
the Codazzi, Ricci equations become respectively 
Now recall the fact that an n + p + 1-dimensional sphere of radius 1 is a principal circle bundle over the complex protective space and let π be the Hopf-fibration. We construct the circle bundle over the submanifold M in such a way that the following diagram commutes:
In the previous paper [5] the author proved that the normal connection of π'\M) in S n+p+ί is flat if and only if the following two conditions are satisfied on M: Moreover the author proved that if n > p + 2, (2.5) implies (2.6). Thus we call the normal connection of M in pι»+»'\C) lift-flat normal connection or briefly L-flat normal connection if it satisfies (2.5) and (2.6) . It is easily checked that the totally geodesic com-
(C) is a submanifold with L-flat normal connection. We can also check the fact that if the submanifold M is a complex submanifold, the normal connection is L-flat if By means of (1.10) and (3.2) , it follows that
because of (1.10) and (1.11).
On the other hand, from (2.2), it follows that
Substituting this into (3.4), we find
Now we rewrite (3.5), using the normal curvature R N . By means of (2.4) and the fact that F is a skew-symmetric linear transformation, we have
Before we prove Theorem 1, we prove the following more general result. 
A,B = l A = l
Moreover the conditions of the theorem, (1.13), (2.5), (2.6), and (3.6) imply that (3.7) and get that M is totally geodesic. This completes the proof.
Proof of Theorem 1. It is well known [6] that a complex submanifold is a minimal submanifold and the induced complex structure F is of rank n. Hence a complex submanifold with L-flat normal connection satisfies the conditions of Theorem 3. This completes the proof of Theorem 1.
Finally we point out that, as an application of our discussions the formula (3.6) gives another proof of the following known [1] . = Σ trace H A + np > 0 , because of (1.6). On the other hand, (3.3) implies that the function / is constant and consequently Δf -0. This is contradiction. This completes the proof.
